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Abstract 

Let V^(A) be the irreducible lowest weight U q (D(N, l))-module with lowest weight A. 
Assume A = n ui n — J2i=o n » w ii n i ^ ^>o, where ui is the fundamental weight corresponding 
to the unique odd coroot h Q . V(X) is called typical if n > 0. In this paper, we construct 
polarizable crystal bases of T^(A) in the category Oi nt , which is a class of integrable modules. 
We also describe the decomposition of the tensor product of typical representations into 
irreducible ones, using the generalized Littlewood- Richardson rule for U q (D(N)). 

We also present analogous results for the quantum superalgebra U q (B(N, 1)). 
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1 Introduction 



The theory of crystal base for quantized Lie algebras initiated by Kashiwara has brought and is 
still bringing a great deal of fruits in representation theory. It is hence natural to generalize it 
to the case of Lie super algebras. 

Finite dimensional simple Lie superalgebras q were classified by Kac [5] . He also determined 
the conditions under which a g-module is finite dimensional. The quantized enveloping alge- 
bras for Lie superalgebras are defined by Yamane [11] for finite dimensional contragredient Lie 
superalgebras, and by Benkart, Kang and Melville [2] for Borcherds superalgebras. Borcherds 
superalgebras include Kac-Moody superalgebras, which are analogous to Kac-Moody Lie alge- 
bras. 

The first work on the crystal bases for quantized Lie superalgebras was the one by Mus- 
son and Zou [9]. They defined and constructed crystal bases of finite dimensional modules of 
U q (B(0, N)) = U q (o5p(l,2N)). The crystal bases for U q (B(0, N)) are essentially the same as 
those for U q (B(N)). Among the Lie superalgebras in Kac's list, B(0, N) is distinguished because 
it is the unique one whose finite dimensional representations are completely reducible. B(0,N) 
is also a Kac-Moody superalgebra, while other finite dimensional simple Lie superalgebras are 
not. Jeong [4] generalized these results from the point of view of Kac-Moody superalgebras. 
He defined crystal bases and showed their existence for the quantized Kac-Moody superalgebras 
when the modules are integrable. 

Benkart, Kang, Kashiwara [3] defined crystal bases for quantum contragredient superalge- 
bras which are not Kac-Moody Lie superalgebras (i.e. the ones containing <S> in their Dynkin 
diagrams). They introduced a category Oi n t of L r g (g)-modules for contragredient Lie superalge- 
bra g (see Definition 3.1), and defined the notion of crystal base for modules M in Oj nt . The 
Kashiwara operators for odd roots behave quite differently from the case of Lie algebras and the 
Kac-Moody Lie superalgebras (see (3.1) and Proposition 3.5). They also showed the existence 
of polarizable crystal bases of finite dimensional irreducible U q (Ql(m, n))-modules under some 
conditions on the highest weight and described them in terms of Young tableaux. Benkart and 
Kang [1] give a concise review for these results for quantized Lie superalgebras. 

A noteworthy feature of U q (Ql(m, n)) is that the vector representation belongs to Oi n t- How- 
ever this fails for the other types of classical Lie superalgebras B(m, n) (m > 1), C(n), D(m, n) 
and D(2, l;a). Therefore, when one attempts to generalize the results of [3], the first question 
is to find modules in Oi n t- 

The first generalization to these quantum superalgebras was for U q (D(2, l;a)) by Zou [12]. 
He found highest weight modules in Oi n t which are infinite dimensional, and constructed crystal 
bases of them. In [12], a is assumed to be an integer satisfying a < —2. The reason he studied 
infinite dimensional modules is that any finite dimensional U q (D(2, 1; a))-module M does not 
satisfy the condition (iv) in the definition of Oi n t, that is 



where ho is the unique simple odd coroot of U q (D(2, 1; a)). 

In this paper, we present two results on crystal bases for U q (D(N,l)). Let V(X) be the 
irreducible lowest weight module with lowest weight 

N 



(iv) For any /j, G P, / implies (ho, n) > 0, 



(1.1) 




for < i < N, 



(1.2) 



i=i 
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where uJi are the fundamental weights. The first result is that V(A) admits a crystal base B{X) 
(Theorem 6.1). The weight (1.2) is said to be typical if no > 1. As the second result, we describe 
the decomposition of the tensor product of the irreducible representations which have typical 
lowest weights (Theorem 9.3). Our description heavily relies on the generalized Littlewood- 
Richardson rule for U q (D(N)) by Nakashima [10]. We give similar results also for the algebra 
U q (B(N,l)). 

Our work is a kind of generalization of Zou's work, since U q (D(2, 1; a)) = U q (D(2, 1)) holds 
if a = 1 and there is an isomorphism of algebras between U q (D(2, 1; a)) and U q (D(2, 1; —1 — a)). 
However, it should be noted that we have to adopt another approach because a U q (D(2, 1; a))- 
module in Oi n t does not necessarily belong to Oi n t when viewed as a U q (D(2, 1; — 1 — a))-module. 

As in the case of U q (D(2, 1; a)), (1.1) fails for any finite dimensional U q (D(N, l))-module. 
In addition, infinite dimensional highest weight modules do not belong to Oi n t- We first show 
that the irreducible lowest weight module V(—ujn) with lowest weight —u>n belongs to Oi n t, 
and give an explicit construction of a crystal base B(—ujn) (Proposition 5.3). We find that 
B{—ujn) is indexed by the crystal bases of the spin representations for U q {D{N)) (denoted by 
B^ p in this paper) and non-negative integers. Next we show that B(—ojn) (g> B(—u>n) contains 

B(ojq), B(—uji), . . . , B(—lon) using the decomposition of B^ p ®B^ p . The existence of the crystal 
base B(X) for general A (1.2) follows by taking the tensor product of them. 

If a weight A' is typical, we observe that b' <X> b 6 B(X') <g> B(X) is the lowest weight vector for 
U g (D(N, 1)) if and only if b' ®b G B{X')®B(X) is the lowest weight vector for U q (D(N)). We use 
this fact to study the tensor product of typical representations. To get the lowest weight vectors 
of this tensor product, we decompose B(X) into copies of crystal bases of U q (D(N)) labeled 
by certain non-negative integers (Proposition 8.4). The typicality of B(X) and the generalized 
Littlewood- Richardson rule enable us to find this decomposition. The integer labels are obtained 
through properties on Young tableaux for U q (D(N)) due to Koga [8] (see Proposition 4.4 and 
Lemma 10.6). Applying the generalized Littlewood- Richardson rule again, we obtain all the 
lowest weight vectors of B(X') <g) B(X). This is Theorem 9.3. 

This paper is organized as follows. In Section 2, we give the definition of the quantized 
Lie superalgebra U q (D(N,l)) following Yamane [11] and set up the notation. In Section 3, we 
review basic facts about the category Oi n t and the crystal bases in the context of U q (D(N, 1)). 
In Section 4, we recall some properties of the crystal bases for U q (D(N)) which we use in this 
paper. In Section 5, we construct a crystal base of V(— oon)- In Section 6 and Section 7, we state 
the existence of crystal bases and give a decomposition of B(X) mentioned above for typical A. 
In Section 8, we decompose the tensor product of typical representations into irreducible ones 
in Theorem 9.3. We also present examples for Theorem 9.3 in the case of U q (D(2, 1)) and 
U q (D(4, 1)). The results for U q (B(N, 1)) are summarized in Section 9. 

2 Definition of U q (D(N, 1)) 

In this section we fix our notation concerning the quantum universal enveloping algebra for the 
Lie superalgebra = D(N, 1). 

Let P = ©^ Zu;j be a free Z-module with basis {uJi}fL Q . Let {hi}f =Q be the dual basis of 
P* = Hom^-P, Z) (simple coroots) relative to the pairing (•, •). Define simple roots {di}f = Q C P 
so that dij = (hi,ai) is given by following Cartan matrix A = (ctjj)o<ij<jv; 
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The associated Dynkin diagram is 
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We put 

io = 1, 2i = ■ - - = Zjv = -1, (2.1) 

and introduce a symmetric bilinear form (•, •) on f)* = P <g)z C by 

^ A) = (ttj, A) for any A G P, < i < N. 

Definition 2.1 (Yamane [11] Theorem 10.5.1 ). Let U'(D(N,1)) be the associative algebra 
over Q(q) with 1 generated by ej, /j, q h (0 < i < N, h £ P*) with the following relations. 

g° = 1, gV = Q k+k ' for ^ e P*, (2.2) 
= gCw)^, = q { ~ h ' ai) h for < i < G P*, (2.3) 



u=0 



1 + |a.y 
v 



qi-q 

e] + ^- v e^= (-1)" 



T forO<i,j'<iV, 



(2.4) 



i/=0 



1 + la. 



?, 7 1 



/,''" "fjf; o, 



(2.5) 



for 1 < i < N, < j < N, i ^ j, 
e 2 = 0, / 2 = 0, (2.6) 



where 



U = q 



p(0) = 1, p(i) = for 1 < i < N, 
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The algebra U q (D(N, 1)) is Z2-graded. Define the parity operator a by setting cr(ej) = (— l) p Wej, 
cr(/j) = (-l^W/j, cr^) = q h (h € P). Then the quantized Lie superalgebra U q (D(N,l)) is 
defined to be U q (D(N, 1)) = U' q (D(N, 1)) © U' q (D(N, l))a with the algebra structure given by 
o- 2 = 1 and aua = a{u) for u G U' q (D(N, 1)). 

The Hopf algebra structure on U q (D(N, 1)) is given as follows. 
The comultiplication A, the antipode S, and the counit e are defined by 

A(cr) = a <g) a, S(a) = a, e(a) = 1, 

A(q h ) = q h ®q h , S(q h )=q- h , e(q h ) = 1, 

A(ci) = e i ®tr 1 + af«^e J , Sfe) = -a^e^, efe) = 0, 

A(/i) = /i ® 1 + ® /i, = -a^t-'fu e(fi) = 0. 

We define an orthogonal basis { <5, £i,. . .,ejv } of f)* by 

a = 5-£i, ai = £i - £2, ■ ■ ■ ,&n-i = £n-i - £n, a>N = eN-i + £N- 

We have 

{5,5) = 1, ( £i , £i ) = -1 forl<i<iV, 
= <5, 

= -(5 + ei H h ei for 1 < i < N - 2, 

wjv-i = -^{-5 + ei H h €N—i - cat), 

w iV = 2^"° + 61 H ^ ejv -i + e7V ^ 

The set of even and odd roots are Aj = A+ U (— Af) (i = 0, 1), where 

^0 = { £ i ± £ji 2(5}i<i<j<AT, A^ = {±£j + (5}l<j<AT. 

We put Ai = Ai and 

Pi= ^2 P fori = 0,1, p = Po - Pl . 

We denote by V(X) the irreducible lowest weight module with lowest weight A. 

Definition 2.2 (Kac [6] Theorem 1). For A <G P, V(X) is a typical representation if 

(A - p, 0) ^ for any (5 € A^. 

In this case, A is called a typical weight. A weight which is not typical is called an atypical 
weight. 

In this paper we will study V(\) where A = uqujq — YliLi n i^% with rij € Z>o for < i < N. 
It is typical if and only if no > 1. 



3 Category Oi n t and Crystal Base 

Definition 3.1 ([3] Definition 2.2). Oj ni is the category whose objects are U q {D{N,\))- 
modules M and whose morphisms are U q (D(N, l))-linear homomorphisms satisfying the follow- 
ing conditions: 

(i) M has a weight decomposition M = A£P Ma, where 

M A = {u G M; q h u = q^u for any h G P*}, 

(ii) dimMA < oo for any AgP, 

(iii) For 1 < i < N, M is locally U q (D(N, l))j-finite, that is, dimU q (D(N, l))iU < oo for any 
u G M, 

(iv) For any A G P, M x + implies (h , A) > 0, 

(v) e M\ = / M A = for any A G P such that {ho, A) = 0. 

We define the Kashiwara operators Si, fa on M G Omt- For any u G M A , and i = 1,...,N, 



let 



k>0,-(hi,\) 



be the unique expression with = for each k. We define 



(fc+i) 



it fe . 



For i = 0, define 



eo - " = <?o 1 *oeo«, (3.1) 
/ott = f u. (3.2) 



We set 



A=U;f,geq[q},g{0)^o\. 



Definition 3.2 ([3] Definition 2.3, 2.4). Let M be a U q (D(N, l))-module in the category 
Oi n t. A crystal base of M is a pair (L,B) such that 



(LI) L is a free ^4-submodule satisfying M = L® 
(L2) oL = L and L has a weight decomposition L = ©agp-^a with L\ = LP\ M\, 
(L3) S t L C L and faL C L for < i < N, 

(Bl) B is a subset of L/qL such that crfo = ±b for any 6 G B, and B = U^g pB\ with B A = 
S fl (L\j qL\), 
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(B2) B is a pseudo-base of L/qL, that is , B = B' U (-B') for a Q basis B' of L/qL, 
(B3) eiB C BU {0} and f t BcBU {0} for < z < TV, 
(B4) For any 6, 6' G B, and < i < N, b = fib' if and only if e { b = b'. 
We often denote (L, i?) by i?. 

Let 7] be the anti-automorphism of U q (D(N, 1)) defined by 



A symmetric bilinear form (•, •) on a U q (D(N, l))-module M is called polarization if (au,v) = 
(u, i](a)v) holds for any u,v G M and a G U q (D(N, 1)). 

Definition 3.3. A crystal base (L,B) for a U q (D(N, l))-module M is polarizable if there exists 
a polarization (-,-) of M such that (L,L) C A, and with respect to the induced Q-valued 
symmetric bilinear form (•, -)o on L/qL, 



holds for any b, b' G B. 

Remark 3.4. Theorem 8 of [5] implies that condition (iv) of Definition 3.1 fails for all non- 
trivial irreducible finite dimensional U q (D(N, l))-modules. For this reason, we treat infinite 
dimensional lowest weight modules. 

For b G B, < i < N, we define 



We write wt(b) = X for b G B\. 

Proposition 3.5 ([3] Proposition 2.8). Let (Lj, Bi) be polarizablue crystal bases ofU q (D(N, 1))- 
modules Mi G Oi n t, i = 1,2. Then (L\ ®a L2, B\ <g> B2) is a polarizable crystal base of M\ ® M2, 
and the actions of e~i and fi are given as follows. 



7](a) = a, rj{q h ) = q h , r/(ej) = q i f i t i 1 , r?(/j) = q i 1 t i e i . 




otherwise 



£i(b) = max{n G Z> ; ei n b ^ 0}, tpi(b) = max{n G Z> ; fi b ^ 0}. 



(1) i = l,2,...,N 




(3.3) 




(3.4) 
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(2) i = 



eo(&i ® &2) = 



crfti (8) eo{b 2 ) 
e (bi) ® b 2 



if{h o ,wt(b 1 )) = 0, 
if {h ,wt{bi)) > 0, 



(3.5) 



M bl ® b2 ) = r~ bl ® Uh) *<*""W> = ' (3.6) 
\/o(6i)®62 i/(/ io ,^(6i))>0. 

Note that in (3.3)-(3.4) the inequality signs are opposite to those for ordinary Lie algebra 
case. This is due to the negative sign of ij. 

Let (L,B) be a crystal base for a U q (D(N, l))-module in Oi n t- We define 

LW(-B) = {b e 5 ; £(&) = for < i < N}, 



LW(B) = {b£B ; fi(b) = for 1 < i < N}. 

Lemma 3.6. Let {Li, B,j) be as in Proposition 3.5. Assume LW(Bi) ^ for i = 1,2. Then the 
element of LW(B\ ® B 2 ) is of the form u\®v with u\ € LW(B\). 

Proof. Assume that u® v G LW(B\ <g> B 2 ) with u LW(B\). We have two cases; 
Case 1: fiU-£ for some 1 <i^<N. 

Since = fi{u®v) = u <8> fi(v), (3.4) implies Si(u) < ipi(v). Hence fi(v) / 0. This is a 
contradiction. 

Case 2: / u + 0, = for 1 < i < N. 

Since = fo{u®v) = u<g> fo(v), (3.6) implies (ho,wt(u)) = 0. This contradicts Definition 3.1(v). 
■ 

In [12], the algebra U q (D(2, l;a)) with a < — 2 is considered. Lemma 3.6 fails in this case 
since the U have both positive and negative signs. 



4 Results on crystal bases for t/ 9 (Z>(AT))-modules 

The even part of U' q (D(N, 1)) is the eigenspace of a with eigenvalue +1, denoted by U q (D(N, l)o). 
In our case it is given by U q (D(N))<g>U q (C(l)), where U q (D(N)) is the subalgebra with generators 
ei,fi,q hl (1 < i < iV), and £/ g (C(l)) ~ U q (sl 2 ) is the one generated by E,F,q H , where H = 
2(ho — h± — ■ ■ ■ — /17V-2) — ^at-i — ^at, -E- and F are the elements corresponding to the root 
2(cto + • • • + cijV-2) + aw-i + ckjv- In this section we recall known properties of crystal bases for 
U q (D(N)). 

We denote the irreducible lowest weight module of U q (D(N)) with lowest weight A and its 
crystal base by V(A) and B(A) respectively, and refer to the crystal base as a J7 9 (Z)(A r ))-crystal 
for short. Let {Aj}^ 1 be the fundamental weights of U q (D(N)). We denote B{— Ajv-i) by B sp , 

and B(-A N ) by B + sp . 

The crystal bases of spin representations are realized as 

B^ p = {b = (ii, . . . , ijy); ii, . . . , In = ±, and — appears an even number of times}, 
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B sp = {b = (ii, . . . , ijv);ii, . . . ,in = ±, and — appears an odd number of times}, 

with the lowest weight vectors (+, ...,+) and (+, ...,+,—) respectively. The actions of e~i and 
fi read 



fl(h,i2,---,iN) 
ei(h, i2, ■ ■ ■ ,in) 

for 1 < I < N - 1 and, 

/jv(ii,i 2 , ■ • • ,*at) 

ejv(n,«2, • • • ,*jv) 



r z z+i 

= J ...,+,-,... ,ijv) if = = +, 

[0 otherwise, 

r z z+i 

= J -,+,..., ijv) if k = +,k+i = -, 

[0 otherwise, 



AT-1 TV 

+ ,+) if ijv-i = -,*jv = -, 
otherwise, 

JV-l TV 

(«!,..., - ,-) if lN-1 = +,iN = +, 



[0 otherwise. 
Set 

H = 0, ~i = Ai (1 < i < AT - 2), Siv_i = Aat_i + Ajv, E N ' = 2Ajv_i, E N = 2A N . 
Proposition 4.1 (Nakashima [10]). We have the decomposition of crystals 

K®K = B(-~ k ), (4.1) 

o<fc<;Af 

k=N mod 2 



<®^p= i?(-S fc ). (4.2) 

k=N-l mod 2 

For < z < A, i/ie lowest weight vector corresponding to the connected component B{— Sj) 



2S 



(+,...,+) ® (+,...,+,-,...,-). (4.3) 

Each connected component -B(— £&) can be given an explicit characterization. For that 
purpose it is convenient to use an alternative description of Bf p in terms of semi-standard 
Young tableaux [7]. Consider the set of letters S = {1, . . . , N, N, . . . , 1}. We introduce an 
ordering -< on S by 

N 



1^2^ <iV_i^_^Ar_i^ < 2 -< 1. 
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Then, there is an isomorphism of crystals 



ai 



a N 



(1) ai, . . . ,a N E S 

; (2) ai -< < a N \ 

(3) a and a do not appear simultaneously 



(4.4) 



In this description, a corresponds to the a-th + and a corresponds to the a-th — in the former 
description. 

We introduce notations of Young tableaux for convenience. 



Notation 4.2. (1) A Young tableau 



ai 



a N 



is denoted by t(ai, . . . , ajv)- 



(2) A skew Young tableau 





ai 












h 


OAT 






b N 



is denoted by 



t(a\, . . . , aN-k', ajv-fc+i, • • • , ajv|&i, ■ ■ ■ bk+i, ■ ■ ■ , &at)- 

Note that in this skew Young tableau, the number of rows which has two boxes is k. 

Definition 4.3. A skew Young tableau t(a±, . . . , ojv-fe; a/v-fc+i, • • • , oat \bi, ■ ■ ■ , • • • , »a0 

is semi-standard if 

ai,...,dN satisfy (1),(2) and (3) in (4.4), 
h,...,b N satisfy (1),(2) and (3) in (4.4), 
b r ■< a,N-k+r holds for 1 < r < k. 

Proposition 4.4 (Koga[8]). (1) Assume u <g> v = t(ai, . . . , a^) <8> t(6i, . . . , 6/v) £ .B^, (8) 5^,. 
T/ien we have 

(1A) For < k < N - 2, k = N mod 2, 
u(g>v e B(-E k ) 

t(ai, . . . , ciN-k', a-N-k+i, • • • ) a N\bi, . . . ,bk', 6fc+i, ■ ■ ■ , bw) is semi-standard and 
t(ai, . . . , a N _ k _ 2 ', ajv-fc-i) • • • , a^|&i, • • • , &fc+3> ■ ■ ■ , ^at) ^ semi-standard, 

(IB) 



u ® u € B(—En) t(; ai, . . . , aAr|6i, . . . , oat; ) is semi-standard. 
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(2) Assume u <8> v = t(a\, ... , ajv) <8> t(b±, ... , 6jv) € B^, (g> S . Then we have 
(2A) For < < iV - 3, fc = JV - 1 mod 2 

B(-Efc) 

t(oi, . . . , ajv-fe; ajv-fc+i, • • • , ajv|&i, • • • , Pfc! &fc+i> ■ ■ ■ , &w) *s semi- standard and 
t(a 1 , aAr_ fc _ 2 ; ajv-fe-i, . . . , ajv|&i, ■ • • , Ofc+2 5 &fc+2, ■ ■ ■ , &jv) «s ^ semi-standard, 

(2B) 

m®«€ B(— Hat_!) t(ai; a 2 , . . . , ajv|&i, • • • , on-i', bjy) is semi-standard. 

5 Crystal Base of V(— c^at) 

We describe an analogue of spin representations for U q (D(N, 1)) using the C/ g (L>(A/"))-crystals. 

Proposition 5.1. TTie irreducible lowest weight module V(— u>n) with lowest weight —lon has 
a basis over Q(q) 

{v(h,. . . ,ijv)2n ; n G Z> , (ii, ...,i N )& B^}U 
{v(h,. . . ,ijv)2n+i ; " G ^>o, ■ ■ ■ ,iiv) G B sp } 

mi/i the lowest weight vector v(+, . . . , +)o such that the actions of a and ei read as follows; 

av(+,...,+)o = v(+,...,+) , (5.1) 

/ /• \ \ fv(i'i,---,i' N )k ife i (i 1 ,...,i N ) = (i' 1 ,...,i' N )^OinBf 

e i [y[i 1 ,...,i N )k) = < . (0.2) 

I U otherwise, 

for 1 < i < N, and 

, r ■ -xx ( q~ k v(+,i 2 ,. . . ,i N )k+i ifh = -, „x 

eo(w(n,»2,---,*Jv)fc) = < n j7 . (5.3) 

I U otherwise. 

Proof. Let . . . , +)o be the lowest weight vector of V(— u>n). 
Claim 1: V(— lvn) is infinite dimensional. 

As Ug(D(N, 1) ) D J7 ? (Ci)-module, the weight of v(+, . . . ,+) is 1. Hence F(-cjtv) is infi- 
nite dimensional. 

Because —ujn is — Ajv as a weight of U q (D(N)), v(+, . . . , +)o is the lowest weight vector of 
the spin representation. For (i[, . . . , i' N ) G B^,, we define v(i[, . . . , i^)o by 

v(i[, . . .,i' N )o = ei(v(ii, . . . ,ijv)o) where ^(h, ...,i N ) = . . .,i' N ). (5.4) 
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In V(— Ajv), ej = ei on each weight vector for 1 < i < N. Moreover, if eiej = for 
1 < i j < N in B sp , i-th node and j-th node are not connected in the Dynkin diagram. Hence 
eiej = ejei. These mean that (5.4) is well-defined. (5.2) holds for k = by the definition. 

Claim 2: e (v(+, . . . , +) ) = 

Because (eo {v (+,..., +)o)) = for < i < N by (2.4), eo(v(+, . . . ,+)q) is a singular 
vector if it is not 0. This contradicts the irreducibility of V(— u>n). 

Claim 3: eo(v(+, 12, . . . , ijv)o) = 

Let v(+,i 2 , • • • ,in)o = e h ■ ■■e lp {v{+,.. . ,+) ). By (5.4), (+,i 2 ,- • • ,«jv) = &h ■ ■■%(+,■■ • ,+) 
in B^. Because e\ changes (+,—,...) into (—,+,...) in B^ p , it follows that l±,...,l p € 
{2, . . . , N}. By (2.5) and Claim 2, we have 

eo(w(+,*2,---,ijv)o) = e ei 1 ■■■ei p (v(+,...,+) ) 

= e h ■■■ei p e (v(+,...,+) ) (5.5) 
= 0. 

Claim 4: e (u (-, +,•••,+, -)o) + 

By Claim 1 and Claim 3, there exists v(— , 12, ■ ■ ■ , ijv)o such that eo(v(— , 12, ■ ■ ■ , «jv)o) 7^ 0. 
Because — appears an even number of times in (— , 12, . . . , ijv) £ B sp , we may assume 



? 1 5 



This implies 



by (5.4). Hence, 



We put 



(-,z 2 ,...,ijv) = • • -e ir (-,+, . . . 

with li, . . . ,l r G {2, . . . , TV}. 



v(-,i2, • • • , i7v)o = ejj • • • ei r v(-, +,...,+, -) 
with l 1 ,...,l r e{2,...,N} 



/ eo(v(-, i 2 , ■ ■ ■ , in)o) = e e h ■ ■ ■ e ir v(-, +,...,+, -) 

= e h ■ ■ ■ ei r e v(-, +,...,+, -) . 



v(+, ...,+, -)i = e (v(-, +,...,+, -) ). (5.6) 
Since fi(v(—, +,...,+, — )o) = holds for 2 < i < N, we have 



fiv{+, ...,+, -)i = fie v(-, +,...,+, -) 
= for 1 < i < N, 

where we used (5.5) for i = 1. This implies that v(+, +,...,+, — )i is the lowest weight vector 
with lowest weight — Aat_i as U q (D (N) )-module. As in the case of k = 0, we define v(i[, . . . , i' N )\ 
for (i[,...,i' N ) G B~ p by 

v(i[, . . .,i' N )i = ei(v(h,. . . ,ijv)i), where ei(h, ...,i N ) = . . .,i' N ). 
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Then (5.2) holds for k = 1. 
Claim 5: 

eo(v(-,i2, ■ ■ ■ ,*jv)o) = w(+,*2, • • ■ ,*jv)i for any (-,i 2 , . . . ,ijv) G 5* 

By the definition of u(+,«2) • • • , *jv)i 5 we have 

f (+, i 2 , • • • , in)i =e h --- ei r e v(-, +,...,+, -) with l±, . . . ,l r G {2, . . . , N} 
= e e h ■ ■ ■ e lr v(-,+,.. . ,+, -) 
= e (v(-,i 2 , ■ ■ ■ ,in)o)- 

In the cases of k > 1, we put 

•••,+, -)fc+i = g~ fc e (t;(-, +,...,+, -) k ) 

in place of (5.6). Then the rest of the proof is similar. 

Remark 5.2. Suppose wt(v(ii, . . . , ijv)fc) = ^o<^o — YliLi n iVi- Then 



n 



fe if «i = +, 

fc + 1 if *i = — . 



This is because among e^'s only e\ changes the value of no- 

Proposition 5.3. The irreducible lowest weight module V(—ljn) has a polarizable crystal base 
(L, B) given as follows. 

L= (B Av(i 1 ,...,i N ) 2n ® (J) Av(h,. . . ,i N ) 2n+1 (5.7) 

(h,...,i N )eB+ p (h,...,i N )eBj p 



B ={±v(ii, i N )2n mod qL; (h, . . . , i N ) G B sp , n G Z> }U 
. . . , inhn+i mod gL; (n, . . . , i N ) G B sp , n G Z> } 

T/ie Kashiwara operators ac£ on B as (we omit mod gXj 



(5.8) 



~ ,. . x J«(»i,---,*jv)fc ifei(ii,...,i N ) = in B 

div{i\, ■ ■ ■ ,iN)k = < . (.5.9; 

I otherwise, 

for 1 < i < N and, 

~ ,. . . x /v(+,*2,---,*iv)fc+i ifh = -, , . 

e v{i 1 ,i 2 ,...,iN)k = \ n ± , ( 5 - 10 ) 

ID otherwise. 

Proof. First, we show that L is a crystal lattice. 
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It suffices to show (L3). We have only to show it in the case of i = because the remaining 
cases are the same as in U q (D(N)). Since {ho, wt(v(—, i 2 , ■ ■ ■ , «jv)fe)) = k + 1, 

e v(-, i 2 ,-.., iN)k = qo 1 toe v(-,i 2 , iN)k 

= Qo 1 Qo +1 Q~ k <+, *2, • • • , »jv)k+i ( 5 - n ) 

= u(+,i2, • • • ,lN)k+l 

and 

fov(+, i2,---, iN)k+i = fov(+, 12, ■ ■ ■ , iN)k+i 

= q k foeov(-,i 2 , - ■ ■ ,iN)k ^_ 12 ) 

^2fc+2 _ 1 

= o 7—v(-,l2, lN)k G ^• 

^ — 1 

Next, we show that (L,B) is a crystal base. (Bl) and (B2) follow from the definition of B. 
(B3) and (B4) follow from (5.11) and (5.12). 

Finally the following symmetric bilinear form on V(— ujn) is a polarization. 



(v(h, . . .,iN)o,v(h,. . . ,ijv)o) = 1, 

k q 2j - 1 

(v(h,...,i N ) k ,v(h,...,i N ) k ) = Y[ 2 _i if k - 1 ' 

= otherwise. 

Hence, (L, B) is a polarizable crystal base. ■ 

Figure 1 is the crystal graph of B{— U4) of D(4, 1) (we omit v and mod qL). The 8 nodes 
connected with each other by i-arrow (1 < i < 4) form the crystal graph of B sp of f7 ? (D(4)). 
The rightmost 0-arrow for example changes the first signature from + into — and the integer 
from into 1. The coefficient of lvq increases 1 each time we cross 1-arrow from the lower right 
to the upper left. 
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(+,+,+, -)l 




(+,+,+,+)o 



Figure 1 The crystal graph of B{— U4) 



6 Crystal Bases for Fundamental Representations 

It is natural to ask which representations admit crystal base. Next theorem, which is one of our 
main results, is the answer. Our tool is the decomposition of C/ 9 (.D(./V))-crystals. 

Theorem 6.1. The irreducible lowest weight module V(X) with the lowest weight 

N 



(6.1) 



1=1 



admits a polarizable crystal base. 

Proof. We prove this when N is even. The proof for odd N is similar. 
We show that 



LW(B{-uo n )®B(-uj n )) = 
v(+,...,+) ®v(-,...,-) 2k 



k € Z> , 



N-2 



v(+, +)o ® v(+, ...,+,-,..., -) ; l<i< 2 
[ «(+,..., +) ®v (+,..., +) 



> . 



(6.2) 



The element in the left hand side of (6.2) is v(+, . . . , +)o <8> 6 for some 6 G B(—ujn) by Lemma 
3.6. By (5.9) and (4.3) in Proposition 4.1, 

7i(v(+,...,+)o®6) = forl<i<iV 

i 

, * „ 

<==> b = «(-,..., -) 2 fc or ...,+,-,... for some G Z> , 1 < j < iV. 
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If I > 1, and l<j<N, 

3 3 

fo(v{+, . . . , +) ® v(+^~~~h, -),) = . . . , +) <8> 7o(f(H~^~+, -)/) 

j'-i 

= v{+, . . . , +) ® v{-, + ...,+,-,..., 

Hence Z = for this case and (6.2) follows. 
As a consequence, we have 



N-2 

2 



S(-wjv) ® B(-wjv) = B(-2uj n ) © B(-u 2j ) © B((2fc + l)wo). 

j'=i 



Similarly, we have 



Af-4 
2 



B(-u N ) ® S(-Wiv-i) =S(-cjjv-tJjv_i)© S(-Lj 2 i+i)© B((2fc + 2)w ). 

j=o fcez> 

In particular, there are polarizable crystal bases with lowest weights ujq, . ., —u>n- Together 

with Proposition 3.5, we obtain the desired statement. ■ 

Corollary 6.2. Let X and X' be 

N N 

A = UqUOq — n i^i, ^' = "^0^0 — ^i^ii n ii n 'i ^ ^>o f or < i < N. (6.3) 
i=l i=l 

Then the tensor product V(X') © V(A) is completely reducible. 

Proof. This is a direct consequence of Proposition 3.5. ■ 

7 Properties of B(luo) 

Next we treat the tensor product of modules with weights as in Corollary 6.2. Especially we are 
interested in the case when modules are typical because of the following lemma. 

Lemma 7.1. Let A and X' be as in Corollary 6.2, and u\i be the lowest weight vector of B(X'). 
If X' is typical, then 

u x >®u€ LW{B{X') © B{X)) ^ Ux ,®u£ LW(B(X') <g> B(X)) 

holds for u € B(X). 



Proof. Assume uy <8> u € LW(B{X') <g> B(X)). By (3.6), we have fo(u x > <g) u) = fo(u\>) © u = 0. 
Hence u w © u € LW{B(X') © B(X)). ■ 
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We further restrict B(X) in Lemma 7.1 also to be typical because the crystal base of typical 
representations have nice properties which will be stated in Proposition 8.2. We first study 
the structure of B(u>o) because it plays an important role to investigate typical representations. 
B{ojq) can be realized by the embedding in the proof of Theorem 6.1, that is -B(wo) ^ B(—lun)® 
B(—ll>n) when N is even, B(oo ) B(—ll>n) <g> B(— ujn-i) when N is odd. 

Roughly speaking, the proof of Theorem 6.1 shows that B(—LUi) is the union of infinitely 
many B(— Efc)'s, where each B(— is connected with others by eo and /o- We describe more 
precisely this situation that a U q (D (N))-ciystal is contained in a U q (D(N, l))-crystal. 

Definition 7.2. We assume the following conditions. 

(1) A = n uj - YliLi n i^ii n i G Z >o for < j < iV, 

(2) A = - J2?=i k G Z> for all i, 

(3) b G B(X) satisfies wt(b) = Iqljo — J2iLi h^i, lo G ^>0j 

(4) %b = for 1 < i < N. 

Then we define a [7 g (.D(./V))-crystal in B(\) by 

B(A; Z ) = {51 ■ ■ ■ e£(6); 1 < h, . . . ,i p < N,p > 0} - {0}. 

Notation 7.3. In order to relate a weight of U q (D(N)) with that of U q (D(N, 1)), we fix some 
notations. Let no,. • ., be non-negative integers. 

(1) For A = uqujq — Yld=i n « w «) we define a dominant integral weight of U q (D(N)) by 

N 

Ad = - y^njKj. 
i=l 

(2) For A = - J2?=i n i A ii we defme a wei S ht of u q( D ( N , 1)) b Y 

AT 

i=i 

Note that 

wt(LW(B(A; l ))) = A su + 1 lo as U q (D(N, l))-crystal. 
We now determine the places where 0-arrows exist in the above tensor products. 
Definition 7.4. We define 

B(A;l) -jU S(A';Z') 

H 

by the condition 

for any 6 <g> 6' G 5(A; Z) C B(-lj n ) ® B(-u N ) or B(-u N ) <g) S(-a;jv-i), 
/ (6 ® 6') = a6 7 6' / =» Jo(6 ® 6') G B(A'; /'), 

and 

B(A;Z) -^U B(A'-l') 

Li 

by the condition 

for any 6 <g> 6' € B(A; Z) C B(-uj n ) <g> B(-oj n ) or B(-uj n ) <g> B(-un-i), 
fo(b ® 6') = (7 6) ® 6V => 7o(& ® G B(A'; /')• 
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Lemma 7.5. In B(—ujn) ® B(—u>n) and B(—ojn) ® B(—LU]y-i), we have 



(1) for k = 2,3,..., N 
(2) 

(3) /or k = 2,..., JV-1 

(4) 

(5) 

(6) 



B(-E k ;l) — ^ J5(— Sfc_i; / — 1), 



B(-H i; Z) — ^ B(-H ;Z), 



B(-H fc _i;Z) -4- B(-E fc ;i-1), 



B(-H ;0 — 5-> B(-Si;l-2), 



B(-E N ;l) — ^ 5(— Sjv-i; Z — 1), 



B(-E N -!;l) — J-> B(-Sjv;/-1), 
B(-Hjv_i;Z) — B(-HjvV-l)- 

Proof. We prove this when iV is even. We denote it ® to = . . . , i^) P ® v(ji, . . . , ]n)p' by 
t(a\, . . . , a7v) P ® • • • , &zv)p'- We also assume p + p' = I. 

Let us show (1) with 1 < k < N — 2. Assume u ® it; G B(— El^jZ) satisfies /o(tt ® to) = 
au®fow ^ 0. Let us denote /ow = , . . . , 6' A r) Pl Because /o changes (+, . . .) p ; into (— , . . .) p '_i, 
Pi = j/ - 1, 6i = 1, 6J = 6 J+ i (1 < Z <_ZV - 1), and 6^ = I. 

By Proposition 4.4(1A), u ® w G .B(— Z) implies 

t(ai, . . . , a N - k ; a N - k+1 , • • • ,«at|1, 62, ■ ■ ■ , h\ h+i, ■ ■ ■ , &jv) is semi-standard and 

t(ai, . . . , a N - k -2] ajv-fe-i, . . . , ajv|l, 62, ■ ■ ■ , &fe+2; ■ ■ ■ , &jv) is not semi-standard. 

It follows that 

i(ai, . . . , ajv-fc+i; OAf-fe+2, ■ ■ ■ , ajv|&2, • • • , h\ h+i, ■ ■ ■ , 1) is semi-standard and 
t(ai, . . . , ajv-jfc-il ajv-fc, • • • , OAr|6 2 , • • • , Ofc+2! • • • , &at, 1) is not semi-standard. 

This means that fo(u ® to) G B(—Ek-i;l') for some Z'. Because the lowest weight vector of 

fe-i 



B(-S fe _i; I') is (+,..., +) p ® (+,...,+,-,... , -)p>-i as C/g( J D(A f ))-crystal, we have I' = p + 
(p' - 1) = Z - 1 by Remark 5.2. 

The rest of (1) and (2) are similar. 

Let us verify (3). Assume u ® to G £(— Sfc_i;Z) satisfies /o(ti ® to) = (/ott) ® w 7^ 0, and 
/ it = t(a' 1; . . . ,a' N ) P2 . As in (1), p 2 = p - 1, a\ = 1, aj = a m (1 < Z < N - 1), = T. 
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By Proposition 4.4(2A), 

t(l, a 2 , ■ ■ ■ , ajv-fc+il a N - k +2, ■ ■ ■ , a N \h, ■ ■ ■ , h-i) h,---, &at) is semi-standard and 
t(l,a 2 , ■ ■ ■ ,a N -k-i;a N -k, ■ ■ .,a N \h, . . . , b k+ i; b k+2 , . . . ,b N ) is not semi-standard. 

It follows that 

t(a 2 , ... , ajv-fc+i; a.N-k+2, ■■■ , ajv,T|&i, • • • , h-i, h; h+i, ■■■ , is semi-standard and 

t(a 2 , ... , ajv-fe-i; OAf-fc, • • • , a,N,T\bi, ... , b k+1 ,b k+2 ; h +3 , . . . , &at) is not semi-standard. 

This means that fo(u w) £ B(—'E k ;l l ). Because the lowest weight vector of B(—'E k ;l') is 

k 

(+, . . . , <8) (+, ...,+,—,..., —)pi as £7 9 (Z)(iV))-crystal, we have V = I — 1. The proofs of 

(4), (5) and (6) are similar. ■ 

Remark 7.6. In Lemma 10.6, (1) and (2) occur only if p = by (3.6). 

Corollary 7.7. VFe /tawe 

%)=©© © 5(^»+2n), 
veff i=i nez> 

where W = {—Ho, . . . , — £/v, —Sat'}. T/ie integers i u , z % (v) are given as follows. 

foru = -E , i u = 2, z v (y) = l, z 2 {u) = 2N + l 

forv = -E k (1 <k < N -1), i„ = 2, z 1 (v) = k, z 2 {u) = 2N - k, 
for v = -E N ' or - E N , i v = 1, z x {v) = N. 

Proof. B(ljq) is the connected component of B(—ljn) <g) B(-io^) containing B(0; 1) when N is 
even, and of B(-io^) <g) B(— c^at-i) when TV is odd. This corollary follows from Lemma 10.6 and 
Remark 7.6. ■ 

8 Crystal bases of typical representations 

The aim of this section is to obtain a description as in Corollary 7.7 for typical representations. 
In this section, we assume 

N 



A = - ^2 n i u i' n i G Z >o for 1 < i < iV. (8.1) 



i=i 

We denote the lowest weight vector of B(X) by u\. 

When we consider typical representations, the coefficient of uj does not matter essentially. 

Lemma 8.1. Let A be as in (8.1) and n > 1. Then there is a bijection 

ip : B(X + nu ) ^ B(X + (n + l)w ) (8.2) 
which commutes with the Kashiwara operators and 

wt((p(b)) = wt(b) + uj Q . (8.3) 
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Proof. Note that B(X + (n + l)^o) is the lowest component of B(X + nu>o) <g> -B(^o)- We define 
by c^(6) = b ® u Wo . Lemma 3.6 implies b <8> m wo £ + ( n + l) w o) f° r & H & £ 5(A + nwo)- 
Hence it suffices to show that (p is surjective and that (p commutes with e^'s and /j's. To show 
the surjectivity, we show that for all i 

ei(<p(B(\ + nu ))) C <p(B(X + nu )) , 

(8.4) 

fi {<p {B(X + nw ))) C if (B(X + nwo)) 

instead. By Proposition 10.6, eiu^ = for 1 < i < N and by (3.3), it follows that e^b^u^) = 
(eib) ® for 1 < i < N. Since (ho,wt(uu )) > 0, we have eo(b <g> u^,) = (£$) ® u^. The case 
of /j's is similar. Hence (8.4) holds and ip commutes with e^'s and /j's. ■ 

In view of the above lemma, we have only to consider typical representations B(X + loq) with 
A as in (8.1). B(X + coo) is the connected component of B{ujq) ® B(X) containing u^ a ®u\. Note 
that u\ is contained in B(X c i;0). 

The next proposition is one of the favorable properties of typical representations. 

Proposition 8.2. Let X be as in (8.1). Then we have 

B(X + w ) = {fc®«;f»6 B(lo ),u G B(X d ; 0)} . (8.5) 

Proof. Let J be the right hand side of (8.5). First we claim that J is stable under e^'s and /j's. 
Since B(X c i;0) C B(X) is stable under e~i,fi (1 < i < N), J is stable under e~iji (1 < i < N). 
Because 

e (b ® u) = (e b) ® u, (8.6) 
h{b®u) = (f b)®u (8.7) 

holds for b® u G J, J is stable under all §j and 

Next we show that LW(J) = {m^ <g> u\}. Assume LW(J) 3 b <g) u satisfies b ^ and 
u ^ u x . There exists < i < N such that fib / 0. If i ^ 0, then by (3.4), 

~ ~ k— 1 

/i (6 (g) u) = (fib) <8> (/i ti) for some fc > 1 

l 

and /j ii£ B(X c i; 0) hold. Together with (8.7), we may assume b = u uo . 
If fiU for some 1 < i < N, 

/i(lta, <g> u) = JJ W „ (g> /j« / 0. 

This contradicts to the fact that b uo <8> u G LW(J). Hence LW(J) = {u uo <g) m^}. This means 
that J is the connected component of B(uq) <g> -B(A) containing u wo <g> u^. ■ 

For G W, A as in Lemma 8.1, the generalized Littlewood- Richardson rule [10] gives the 
decomposition of the tensor product B(v) ® B(X c i). In the decomposition 

B(A d ) ^ efciB^'^Ac)), (g8) 

Uj, <8> Uj H- > U/j 

let u;j be the lowest weight vector of B(fi J (v, A)), and u u ®Uj (uj G B(Xd)) be the corresponding 
vector in the left hand side. 

In order to to know the weight of Wj as U q (D(N, l))-module, we have to obtain the coefficients 
of wo- 
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Definition 8.3. Assume N > 3 and Uj = ei x ei 2 ■ ■ ■ ei p u\ cl (1 < < N, p € Z>o) in (8.8). Then 
we define a positive integer 

a(^(u,X d )) = Ui;k = l}- (8.9) 

See Example 9.2 for the case of N = 2. 

The decomposition of a typical U q (D(N, l))-crystal as in Corrolary 7.7 is the following propo- 
sition. 

Proposition 8.4. Let X be as in (8.1), ^(u,X c i) be as in (8.8). Then we have 

5(A + u, o )=0 00B(M J >,A c ,);z>)+a( M J >,A c ,))+2n). (8.10) 

vew nez> i=i j=i 

Proof. By Proposition 7.7 and Proposition 8.2, 

"00 B(v;z i (v) + 2n)®B(\ cl ;0) 

u^W i=l neZ> 

holds. Because e\ makes the coefficient of ojq increase by 1, we get 

S(A + u;o)=00 Q)B( f ii(v,\ cl );z i (v)+a{ f ii(v,\ cl ))+2n). 

vew i=i nez> j=i 



9 Tensor Products of typical representations 

Assume A' = — J2iLi n i u ii n i e ^>o for 1 < i < and ^(v, X c i) as in (8.8). We also assume 

B(X' cl ) B(^(»,Xd)) - (& k k X =r X B(ti(Ki^^ci)) {9A) 
u\> <8> x k i-> y k 

holds as in (8.8). 

We state the main theorem. 

Theorem 9.1 (Main Theorem). Assume 

N N 

A = — n i w i> A' = — n'iUi, ni^TL i G Z>o for 1 < i < N. (9-2) 
i=i i=i 

Then we obtain 

B(X' + u ) <g) B(X + u ) 

=0 00© (9.3) 

veWn&>o »=1 j=l fc=l 



5 



(^(^d,^, A d ) su + {V(f) + a(/i J (i/, X c i)) +a(n 3 k (X' cl ,v,X c i)) + 2n + l| w ) • 
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Proof. By Lemma 3.6, it suffices to consider u\> +UJo <8> u, u G B(X + loo). 
Assume u G -B {p>(y, A d ); z l (zv) + a {^(y, \ c i)) + 2n). We have 

^A'+^o ® « G LW(B(A' + cj ) (2> S(A + w )) 
^^A'+co ® « G {^(A' c/ ; 1) ® B (fi j (u, Ac); + a (//>, A d )) + 2n) } 
^"A'+wo ® « G {B (v{(Kh v, Ad); z\v) + Ad)) + a(/4(A' d , i/, A d )) + 2n + l) } 

for some fc. 

Here, the first equality follows from Lemma 7.1 and Proposition 8.4, the second from (9.1). 
Because wt(LW (B (A; puJo))) = A SM + puo as U q (D(N, l))-crystal, we have (9.3). ■ 

Example 9.2. : U q {D(2,l)) 

The even part is (U q (sl 2 ) <8> ^(sfe)) <g>f7 g (C(l)). Let A and A' be as in (9.2) and let Ai and A 2 
be the fundamental weights of first two £/g(s[ 2 ). Because not only the first but also the second 
node are connected with 0-th node in the Dynkin diagram, we modify (8.9) into 

a(fi 3 (v, A d )) = (t {i; k = 1 or 2} . 

Note that 

min(ni,n^) min(ri2,n2) 

B(\' cl ) ®B(\ d ) = B(-(n 1 + n / 1 -2i)A 1 -(n 2 + n / 2 -2A ; )A 2 ) 

by the Clebsch-Gordan formula, and 

a (-(m + n'i - 2j)Ai - (n 2 + n' 2 - 2fc)A 2 ) = J + k. 
We assume |ni — n^j > 2 and |n 2 — n' 2 | > 2 to make the description simple. 
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Applying the Clebsch-Gordan formula again, we obtain 
B(X' + lo ) ®B(\ + uj ) 

min(ni,rij) min(ri2,n2) 

= © © © 

j=0 k=0 neZ> 

B (-(ni + n[ - 2j)ui - (n 2 + n' 2 



®B (-(m + n[ 
(BB (-(m + n[ 
(BB (-(m + n[ 
(BB (-(m + ni 

©s (-(m + ni 
©£ (-(m + «i - 

(-(m + ni 
©5 (-(m + ni 

©5 (-(m + n'i 

©£ (-(m + «i 
©B (-(m +n[ 
®B (-(m +ni 
ffi-B (-(m +ni 
ffi£ (-(m +ni 
ffi£ (-(m +ni 



2fc)w 2 + (j + A; + 2 + 2n)uj ) 
2j)wi - (n 2 + n 2 - 2k)u 2 + (j + k + 6 + 2n)u ) 
2j + l)a;i - (n 2 + n' 2 - 2/e + l)w 2 + (j + k + 2 + 2n)w 
2j + - (n 2 + n' 2 - 2A; + l)u; 2 + ( j + k + 4 + 2n)w 
2j + l)a;i - (n 2 + n 2 -2k- l)u 2 + (j + k + 3 + 2n)a; 
2j + l)a;i - (n 2 + n' 2 - 2fc - l)w 2 + (j + fc + 5 + 2n)u Q 
2j - l)u! - (n 2 + n' 2 -2k + l)u 2 + (j + k + 3 + 2n)u; 
2j - l)a;i - (n 2 + n' 2 - 2/c + l)w 2 + (j + A; + 5 + 2n)w 
2j - 1)lu! - (n 2 + n' 2 - 2fc - l)a; 2 + ( j + k + 4 + 2n)uj Q 
2j - - (n 2 + n' 2 - 2fc - l)a; 2 + (j + k + 6 + 2n)uj 
2j + 2)wi - (n 2 + n' 2 - 2Ar)w 2 + ( j + k + 3 + 2n)a; 
2j + 0)a;i - (n 2 + n' 2 - 2k)u 2 + (j + k + 4 + 2n)uj 
2j - 2)wi - (n 2 + n' 2 - 2A;)w 2 + ( j + A + 5 + 2n)uj 
2j)wi - (n 2 + n 2 -2k + 2)uj 2 + (j + fc + 3 + 2n)a; 
2j)wi - (n 2 + n' 2 - 2k + 0)a; 2 + ( j + fe + 4 + 2n)aj 
2j)ui - (n 2 + n 2 -2k- 2)u 2 + (j + fc + 5 + 2n)a; 

B(wo) for 17,(D(4, 1)) 



Example 9.3. : B(— uj^ + uq) 

W for U q (D{A,l)) is 

W = {~ = 0, —Hi = -Ai, -E 2 = -A 2 , -S 3 = -A 3 - A 4 , -S 4 = -2A 3 , -£ 4 = -2A 4 }. 
In [/,(£> (4)), we have 



5(-A4)®B(-Si) = 
B(-A 4 ) ®B(-Z 2 ) = 
B(-A4)®B(-H 3 ) = 
5(-A4)®B(-H^) = 
B(-A 4 )©S(-H 4 ) = 



B(-Ai 
a(-Ai - 



-A 4 ) 
A 4 ) 



0, 



©B(-A 3 ) 
a(-As) = 



B(-A 2 -A 4 ) ©B(— Ai - A 3 ) ffi£(-A 4 ), 

a(-A 2 -A 4 ) = 0, a(-A!-A 3 ) = 0, a(-A 3 ) = 1, 

B(-A 3 - 2A 4 ) ®B(-A 2 - A3) ©B(-Ai - A 4 ) © £(-A 3 ), 

a(-A 3 - 2A 4 ) = 0, a(-Ai-A 3 ) = 0, a(-Ai - A 4 ) = 0, a(-A 3 ) = 1, 

S(-2A 3 -A 4 ) ©B(-Ai-A3), 

a(-2A 3 - A 4 ) = 0, a(-Ai - A3) = 0, 

£(-3A 4 ) ©5(-A 2 -A 4 ) ©£(-A 4 ), 

a(-3A 4 ) = 0, a(-A 2 - A 4 ) = 0, a(-A 4 ) = 1. 
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It follows that 



B(—U4 + ujq) <g> B(to ) 
= B (-w 4 + (2 + 2n)L0 ) © B (-w 4 + (10 + 2n)w ) 



nGZ> 



©5 
©5 
©5 
©5 
©5 
©5 
©5 



■uji - uj 4 + (2 + 2n)w ) © -B - ^4 + (8 + 2n)w ) 
-w 3 + (3 + 2n)cj ) © B (-w 3 + (9 + 2n)w ) 
■W2 - w 4 + (3 + 2n)u;o) © B (— W2 - cj 4 + (7 + 2n)u;o) 
■wi - 0J3 + (3 + 2n)cj ) © B - 0J3 + (7 + 2n)cj ) 
-W4 + (4 + 2n)uj ) © 5 (-w 4 + (8 + 2n)cj ) 
-w 3 - 2w 4 + (4 + 2n)uj ) © 5 (-W3 - 2w 4 + (6 + 2n)u; 
-w 2 - oj 3 + (4 + 2n)a; ) © -B (-w 2 - w 3 + (6 + 2n)w ) 
- cj 4 + (4 + 2n)w ) © B (-cji - lj 4 + (6 + 2n)cj ) 
-w 3 + (5 + 2n)cj ) © -B (-w 3 + (7 + 2n)uj ) 
-2u 3 - uj 4 + (5 + 2n)w ) © -B (-ui - cj 3 + (5 + 2n)cj ) 
-3u 4 + (5 + 2n)cj ) © B (-w 2 - w 4 + (5 + 2n)w ) © -B (- 



■a>4 



- (6 + 2n)u; ) 



10 Results for U q (B(N, 1)) 



The results in previous sections carry over to the case of U q (B(N,l)). Since the proofs are 
entirely similar, we only state the results. 



The Cartan matrix for U q (B(N, 1)) is 



/ 1 
-1 2-1 
0-1 2 



A = ({hi,ai)) ij=0 = (ciij) 



i,j=0 



-12-10 : 
-1 2-1 
0-1 2-1 
0-2 2 / 



(10.1) 



The associated Dynkin diagram is 



We put 



o — o- 

1 2 



■a 



N - 1 



N 



^o = 2, ?! = ■•• = In-i = -2, /at = —1. 



U q (B(N, 1)) is defined as in Definition 2.1, wherein ((%•) is replaced by the Cartan matrix 



(10.1). 
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{5,e u ...,e N }, A ,Ai,Ai for U q (B(N,l)) is given by 

do = 5 — ei, ai = £1 - £2, . . . ,o>n-i = £n-i — £at, o>n = £n, 

A = {±e i ±e j ,±e i ,±25}, Ai = {± £i ± 5,±5}, Al={± £i ±6}. 

Its even part U q (B(N, 1) ) is given by U q (B(N)) <g> J7 ? (C(1)), where U q (B(N)) is the subal- 
gebra with generators ei,fi,q hi (1 < i < TV), and J7 9 (C(1)) ~ ^(s^) is the one generated by 
£7, F, g H , where if = 2(ho — h\ — ■ ■ ■ — fojv-i) — h-N, E and F are the elements corresponding to 
the root 2(«o + • • • + o-n-2) + 

We state properties of U q (B(N)) corresponding to those of U q (D(N)) in Section 4. U q (B(N)) 
has one spin representation S sp = B(— Ajy) whose crystal base is realized as 

= {b = (h, ■ ■ ■ ,iN);h,- ■ ■ ,1n = ±} 

with the lowest weight vector (+, . . . , +). The actions of el and fi are 

(. l 1+1 , 

ftii.ia,...,**) = J(<i.-.+.-.-.^) if<i = -i| + i = +, 
[0 otherwise, 

r z z+i 

e,(n,z 2 ,...,^) = J(<i,-,- if<i = +,i| + i = - 



otherwise, 



for 1 < / < N - 1, and 

fN(h,i2, ■ ■ ■ ,in) 
e^(i 1 ,i 2 , ...,in) 



(ii, ...,+) if ijv = — , 

otherwise, 

TV 

(«!,...,-) ifi 7v = +, 

otherwise. 



We also describe -B sp in terms of Young tableaux as we do in the case of U q (D(N)). We 
denote 

H = 0, ^ = Ai (l<i<N- 1), Hjv = 2A N . 
Proposition 10.1. We have 

B sp ®Bs P = S(-H fc ). 

0<fc<7V 

For < i < N , the lowest weight vector corresponding to the connected component B(— Sj) is 

i 



( + ,... ,+)® (+,...,+,-, ...,-). 

Proposition 10.2 (Koga[8]). (1) Assume u ® u = i(ai, . . . , ajv) <g> t(b\, . . . , oat) 6 B sp ® £> sp . 
T/ien we have 
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(1A) For < k < N - 1, 
u0v £ B(-E k ) 

i(ai, . . . ,aN-k', &N~k+i, ■ ■ ■ , ciN\bi, . . . ,bk] bk+i, • • • , &at) «s semi- standard and 
t(ai, . . . , ajv-fc-i! &N-ki ■ ■ ■ i o-N ■ ■ ■ , b k +i', b k + 2 , ■ ■ ■ ■> &w) is ioi semi-standard, 

(IB) 

u ® u € B(—En) t(; ai, . . . ,ajv|&i, ■ ■ ■ , ) is semi-standard. 

U q (B(N, l))-module F(— wat) admits a crystal base. 

Proposition 10.3. The irreducible lowest weight module V(— con) with lowest weight —uj^ has 
a basis over Q(q) 

{v(h, ... , %N)k ; k G Z> , (h, ■ ■ ■ , in) e B sp } 
with the lowest weight vector v (+,..., +)o suc/t that the actions of a and ej are; 

cru(+,...,+) =u(+,...,+) , 



ei(v(ii,...,i N ) k ) = 
for 1 < i < N, and 



v{i[,- ■ ■ ,i' N )k if ei(h,. . . ,i N ) = . . . ,i' N ) in B sp , 
otherwise, 



eo(v(ii,i 2 , . . .,iN)k) 



q k v(+,i 2 ,. . . ,i N ) k+1 ifk = -, 
otherwise. 



Proposition 10.4. The irreducible lowest weight module V{—ujn) has the polarizable crystal 
base (L, B); 

L= (B Av (h,---,iN)k, 

(i 1 ,...,i N )eB sp 
ke1> Q 

B= {±v(h, . . . ,i N ) k mod qL; (k, . . . ,i N ) G B sp ,k G Z> }. 
The Kashiwara operators on B is given by ( we omit mod qL ) 



eiv(ii, . . . ,i N ) k 
for 1 < i < N, and 



v(i' 1 ,...,i' N ) k if ei(h,. . . ,i N ) = . . . , i' N ) ^0 in B sp , 
otherwise, 



eov{i 1 ,i 2 , ■ ■ ■ ,iN)k 



v(+,i 2 ,...,iN)k+i ifh = ~, 
otherwise. 
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Because 

JV-1 

B(-u N ) ® B(-u N ) = B(-2uj n )® ^ B{-ujj)® © B((k + l)u ) 

j=i fcez>„ 

holds, we have the theorem corresponding to Theorem 6.1. 

Theorem 10.5. The irreducible lowest weight module V(X) with the lowest weight 

N 



A = uqujo — niLOi, rii £ Z>q for < i < N 



i=i 

admits a polarizable crystal base. 

The 0-arrows in B(—lon) <8> B(— un) can be described as follows. 
Lemma 10.6. In B(—ujn) ® B(—ujn), we have 



(1) /orfc = 2,3,..., JV 
(2) 

(3) fork = 2,...,N 

(4) 

(5) 



B(-H fc ;Z) — |U B(-E fc _ i; i-1), 



B(-H 15 Z) — |U B(-E ;l), 



B(-H fc _i;Z) — B(-S fc ;Z-l), 



B(-H ;Z) — ^ S(-Hi;Z-2), 



B{-~ N ;l) — |U B(-Hjv;i-1). 



The results corresponding to Corollary 7.7 is the next proposition. 
Proposition 10.7. We have 

*(«*)=©© © B(^;z>) + 2n), 

ueW i=l neZ> 

where W = {—Ho, . . . , — Htv}. ^(f) are oiwen as follows; 

foru=-E , i v = 2, z\v) = l, z 2 (u) = 2N + 2, 

foru=-E k (l<k<N), i„ = 2, z 1 (u) = k, z 2 {u) = 2N - k + 1. 
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The results in Section 7 and Section 8 hold for U q (B(N, 1)). 
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